Berry's phase in Cavity QED: proposal for observing an effect of field quantization 
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Geometric phases are well known in classical electromagnetism and quantum mechanics since 
the early works of Pantcharatnam [Q] and Berry [^. Their origin relies on the geometric nature 
of state spaces and has been studied in many different systems such as spins, polarized light and 
atomic physics M. Recent works have explored their application in interferometry and quantum 
computation 0, H . Earlier works suggest how to observe these phases in single quantum systems 
adiabatically driven by external classical devices or sources, where, by classical, we mean any system 
whose state does not change considerably during the interaction time: an intense magnetic field 
interacting with a spin 1/2, or a birefringent medium interacting with polarized light Here 
we propose a feasible experiment to investigate quantum effects in these phases, arising when this 
classical source drives not a single quantum system, but two interacting ones. In particular, we 
show how to observe a signature of field quantization through a vacuum efi^ect in Berry's phase. To 
do so, we describe the interaction of an atom and a quantized cavity mode altogether driven by an 
external quasi-classical field. 



The matter-light interaction as well as the quantum 
nature of light itself have been subjects of many exper- 
imental investigations in the last two decades, specially 
in the Cavity QED domain |12, 1^, ^ Furthermore, 
it has recently been shown that the quantization of the 
electromagnetic field can affect the geometric phase ac- 
quired by an evolving two-level system, if this system is 
made to interact with the quantized field 1 16 . In this let- 



ter, we propose an experiment that allows one to observe 
such an effect in Cavity QED. 

Our system uses two dispersive Jaynes-Cummings in- 
teractions [0, in the A Raman configuration, between 
the atomic levels, two orthogonally polarized cavity 
modes (-1- for the right and - for the left polarization) 

and an auxiliary external field E{t) — £o[(cos |e*'^'^''e+ + 

sin |e 



. c] inside a microwave cavity (see 



figl). The quantum system to be observed consists of 
the electronic levels of the atom dressed by the cavity 
modes. The external field, injected transversely in the 
cavity, works as our external driving source. 

Due to the dispersive one-photon interaction, the two 
upper electronic levels of the atom act only as virtual 
states allowing for the two-photon coupling between lev- 
els |1} and |2). The polarization of the auxiliary field 
determines how each cavity mode couples to the ef- 
fective transition |1) |2). For large detuning, i.e. 
6 ^ g,fl, the whole system evolves according to the ef- 
fective Hamiltonian llStl 



n-— 0-22 







A[(cos -6*2 



sin-e '2a_)CT2i + h.c], (1) 



where d+ (a-) denotes the annihilation operator of the 
right (left) circularly polarized quantized mode and we 
assumed states |1) and |2) to have the same parity. We 
assume, for the sake of simplicity, that the atom couples 
with the same strength to each polarization, both with 



the classical and the quantized modes gj^ = g- = g = Q. 
We also consider f2+ = cos |e*2 and ri_ = sin |e^*^ fi. 
Finally, we define A = ^ as the effective coupling con- 
stant of the whole system. 

The adiabatic rotation of the polarization of the in- 
jected (external) driving field produces two simultaneous 
effects; the usual one, which is related to the geometric 
phase 7/2 acquired by this quasi-classical (intense) field, 
where 7 is the solid angle associated to the surface de- 
scribed by its polarization vector in the Poincare sphere 
(fig2). The other effect, much more subtle, is the slow 
variation of the effective Hamiltonian parameters and 
(j>, and, therefore, of the internal structure of the atom- 
quantized modes interaction. 

In particular, if this rotation is such that the fi- 
nal Hamiltonian is the same as the original one, ex- 
cept for the phase 7/2, then a quantum Berry phase 
can be observed in the joint state of the atom and 
the quantized modes. According to ||l^, for a reso- 
nant Jaynes-Cummings interaction, state \l-)\n — l-)\m) 
(|2)|n)|m)) acquires a geometric phase e-'n/2in-m+i/2) 
(g«7/2(n-m+i/2)-)^ -^^j^gj-g ^ud |m) are the Fock states 
of modes a+ and a_, respectively. 

Note that even if both cavity modes are initially in 
the vacuum state, there is still a phase shift e*"*"/^ in the 
atomic state |2), while state |1) remains unchanged. 

This geometric phase shift can be observed through 
the usual Ramsey interferometric method (fig3) jlj] . The 
atom is prepared in the first Ramsey zone and put into a 
symmetric superposition of levels |1) and |2), while mode 
a+ is prepared in some arbitrary state and mode a_ is 
prepared in the vacuum. The initial polarization of field 
E{t)) is chosen so that only mode 0+ interacts with the 
atom. The external field is turned on and the whole 
system is allowed to interact for a time r 3> 1/A, during 
which the polarization of the external field is rotated at 
a much slower rate compared to A until it is back to its 
original value. After that, the atom undergoes a 7r/2 
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rotation in the second Ramsey zone and is detected by 
ionization. 

If the initial state of mode a+ is also the vacuum, then 
i?e/ / is resonant (for Q — g) and the probability to detect 
the atom in level |2), after an integral number of Rabi 
flips inside the cavity, and the 7r/2 pulse of the second 
Ramsey zone, is given by P2 = (1 — COS7/4) /2. This cor- 
responds to a 7/4 geometric phase shift, which is a sur- 
prising effect, comparing to the usual 7/2 classical result. 
The atom-cavity mode system splits into doublets except 
for a lonely ground state, which serves as an internal ref- 
erence frame for the measurement of the global geometric 
phases acquired by the remaining dressed states. This is 
only possible due to the quantum behaviour of the cavity 
mode. 

This becomes clear, if the experiment is repeated but, 
now, a coherent state \a) is initially injected in mode a+. 
Then, the probability to measure the atom in the excited 
state for the same 7, is given by 

2P2 = (1 - e"l"l')(l - COS7/2) + e"l"l'(l - COS7/4). 

From this equation it is clear that only for \a) — 0, we 
have the surprising 7/4 ratio. As the intensity of the 
initial coherent state increases, the observed phase shift 
goes to the well expected 7/2 semi-classical limit. In this 
calculation, we assume a slightly different setup in which 
the dynamical effects can be eliminated [ p^ . 

In Fig. 2a, we show the phase shift in the probability 
to find the atom in level |2) P2 for a induced geometric 
phase J — TT due to the rotation of the polarization of 
the driving field. In Fig. 2b we show P2 as a function 



of different initial coherent states in the cavity field, for 
a fixed interaction time t = 10/ A, and the same phase 
shift 7 = TT. 

Typical values for the one photon vacuum Rabi fre- 
quency are g/27r ~ 50kHz H Choosing the same 
coupling for the classically driven transition il/27r ~ 
50kHz, and a detuning S = Sfi, X/27T ~ 15kHz, which 
means that the atom-field system can perform approxi- 
mately 10 complete Rabi cycles during an effective inter- 
action time of O.dms. Times of interaction of this order 
are achievable in microwave cavities for atomic velocities 
of the order of lOm/s and are within typical decaying 
times (1 ms) for the cavities used in iQ. According to 
our calculations, in these experimental conditions, the 
non-ideal adiabatic rotation of the polarization produces 
errors of the order of 5% in P2, which are smaller than 
the ones produced by other sources, like detectors inefh- 
ciency, cavity field decay and so on. 

Our work suggests that the geometric phase still has 
additional surprising features. It also shows the versa- 
tility and power of the simple combination of the quan- 
tized cavity mode manipulated by an externally injected 
quasi-classical field. This opens a number of further pos- 
sibilities for research, such as for example the effect of the 
phase on the collapses and revivals of atomic population 
in the Jaynes-Cummings model pl| ]. 
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Figure 1. The experimental proposal. The Rydberg 
atoms cross cavity C one at a time; the cavity mode 
is initially prepared in some weak coherent state and a 
circularly polarized intense field E{t) drives the atom- 
cavity mode system. The atomic levels are shown in fig 
lb. For large detunings S ^ g,^, the two lower lev- 
els interact eff'ectively through a two-photon process; for 
simplicity, we consider g = O, where f2+ = cos^e'^^il 

and f2_ = sin |e~'^f2; in Rl, the atoms are prepared in 
symmetric quantum superpositions of levels 1 and 2, and 
subsequently perform an integral number of Rabi flips 
inside C. During this interaction in C, the polarization 
of the external field is slowly rotated so as to complete 
a closed loop in the Poincare sphere (as in fig. 2); the 
atoms are finally rotated back in R2, and detected in I. 

Figure 2. A closed loop described by the polarization 
vector of the external driving field. The (classical) geo- 
metric phase generated in this way is equal to one half of 



the solid angle enclosed by the path (equal to tt in this 
figure) . Note that the same picture can be used to repre- 
sent the evolution of a quantum two-level system whose 
state space has the same structure as a two dimensional 
sphere (known as the Bloch sphere). In our paper we 
combine these two pictures with the quantization of the 
field to produce and measure a new phase effect. The 
evolution of the joint atom and the quantized field state 
can no longer be represented in this simple way. 



Figure 3. Experimental prediction, (a) probability to 
measure the atom in state |2), for a fixed number of Rabi 
flips inside the cavity and different relative phases ^ be- 
tween Rl and R2; the green curve is the caliber curve for 
the Ramsey interferometry, and the red curve represents 
the situation in which a geometric phase shift of 7r/4 is 
induced in the system, according to the proposed exper- 
iment. This phase shift corresponds to the solid angle 
7 = TT described in flg 2. Part (b) represents the effective 
phase shift for different coherent states prepared in the 
cavity. We see that for the vacuum states (i.e. a coher- 
ent state of amplitude 0) the shift would be equal to 7r/4, 
and it would increase with the coherent state amplitude 
converging to the expected (semi-classical) value of 7r/2. 
Note that the convergence is very fast, and for ampli- 
tudes of 2 and higher the semi classical result is in a very 
good agreement with the fully quantized calculation. 
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